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QUESTION 1 [30 Marks] 
  

1.1. Given the function i 

I= TT 
1.1.1 Find the third-degree Taylor polynomial for f(x) about zo = 0 and use it to approximate [13 pts] 

f(2). Find the error in this approximation and indicate if this is a good approximation. 
Justify your answer. 

1.2. Newton’s method applied to the equation f(x) = 2° — x = 0 takes the form of the iteration 

ri — Zp 
322 — 1’ 
  Le41 = Lp k=0,1, 2,56. 

1.2.1 Study the behaviour of the iteration when zp > 1//3 to conclude that the sequence {zz}4>0 [7 pts] 
approaches the same root as long as you choose zp > 1//3. 

1.2.2 Assume —a < 2% < a. For what number a does the sequence always approach 0? [5 pts] 

1.2.3 For an arbitrary f(z), suppose that f’(z)f”’(z) # 0 in an interval [a,b], where f(z) is [5 pts] 
continuous and f(a) x f(b) < 0. Show that if f’(z)f"(x) > 0, for zo € [a,b], then the 
sequence {x },>0 generated by Newton’s method converges monotonically to a root a € 
(a, b]. 

QUESTION 2 [40 Marks] 
  

2.1. Write down in details the formulae of the Lagrange and Newton’s form of the polynomial that [7 pts 
interpolates a function f at the set of data points (29, f(xo)), (41, f(£1)),---, (@n; f(n)). 

2.2. Use the results of the previous question to determine The Lagrange and Newton’s forms of the [18 pts 

polynomial that interpolates a function at the points (0,5), (2,15) and (4,41). 

2.3. If using the following formula to compute an approximation of f’(z): (15 pts 

f(a) & Si [—f(a + 2h) +8 f(x +h) — 8f(a —h) + f(a —2h)], 

find the order of convergence as h - 0. 

QUESTION 3 [30 Marks] 

3.1. Given the Initial-value problem (IVP) 

  

3 
yf = t+, 1<t<2, y(1)=0 

3.1.1 Write down in details the second-order Runge-Kutta (RK2) algorithm to solve the specific [5 pts] 

IVP given above. 

3.1.2 Compute an approximation to y(2) after three iterations using the algorithm given in the [10 pts] 
previous question. 

3.1.3 The exact solution to the above IVP is y(t) = t? — ¢?. Show that the RK2 method is [15 pts] 
second-order accurate. 
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